The distribution of brake forces between front and rear axles of a vehicle is typically specified such that the same level of brake force coefficient is imposed at both front and rear wheels. This condition is known as 'ideal' distribution and it is required to deliver the maximum vehicle deceleration and minimum braking distance. For subcritical braking conditions, the deceleration demand may be delivered by different distributions between front and rear braking forces. In this research we show how to obtain the optimal distribution which minimises the pitch angle of a vehicle and hence enhances driver subjective feel during braking. A vehicle model including suspension geometry features is adopted. The problem of the minimum pitch brake distribution for a varying deceleration level demand is solved by means of a model predictive control technique. To address the problem of the undesirable pitch rebound caused by a full-stop of the vehicle, a second controller is designed and implemented independently from the braking distribution in use. An extended Kalman filter is designed for state estimation and implemented in a high fidelity environment together with the model predictive control strategy. The proposed solution is compared with the reference 'ideal' distribution as well as another previous feed-forward solution.
Introduction
The ratio between front and rear axle brake forces (brake force distribution) represents a critical characteristic of a vehicle as it may affect vehicle handling stability. In particular, in an emergency braking situation, locking of the rear wheels prior to the front leads to an unstable and hazardous operating condition. In order to prevent the above critical situation, the brake force distribution needs to be properly specified. In this way legal requirements with regards to vehicle handling can be satisfied. An 'ideal' brake force distribution is defined in the literature [1] , resulting from the requirement that front and rear tyres generate equal amounts of braking force normalized by the respective normal load (referred to as equal skid resistance). It can be easily shown that this 'ideal' distribution leads to minimum braking distance as all tyres will operate at the peak of adhesion simultaneously. Calculation of the 'ideal' distribution for different levels of vehicle deceleration includes the weight transfer effect. Vehicle brake systems are typically tuned either with a fixed distribution, or a varying distribution using proportioning valves for the rear (or sometimes front) brakes in order to approximate the 'ideal' distribution curve. The Electronic Braking force Distribution system (EBD) actively varies the ratio between front and rear brake forces using the Anti-lock braking system (ABS) actuators to better follow the 'ideal' curve [2] . The emergence of Hybrid-Electric Vehicles (HEV) in the last decades and the development of regenerative braking systems to recuperate energy during braking using the electric powertrain as a generator has motivated further research into the brake force distribution strategy. In particular, there are several approaches in the literature proposing a deviation from the 'ideal' braking distribution [3] , [4] , [5] , [6] in favor of the efficiency of regeneration. Integration of regenerative braking in HEV vehicles is made possible through the use of brake-by-wire friction systems. They can actively adjust the brake force generated by friction brakes in individual wheels, to allow blending with electric motor braking. Regenerative braking is typically restricted to subcritical braking at low decelerations in order to avoid instability [7] . Vehicles employing brake-by-wire systems result in overactuated systems, since the same deceleration level (for subcritical braking scenarios) can be met with different combination of front and rear braking force distribution. Assuming braking events with the tyres operating away from their saturation point, in this work we show how to take advantage of this actuators' redundancy and propose a brake force distribution optimisation to achieve enhanced driver and passengers subjective feel during braking. The parameter that has been associated to this aspect is the pitch angle of the vehicle, which occurs during braking and dynamic load shift from the rear to the front wheels. Typically, control of the pitch angle falls in the domain of active suspensions [8] , [9] . However, it is well known that the suspension geometry, and specifically the location of the front and rear pitch centres and corresponding anti-dive and anti-lift properties have an effect on the vehicle vertical and pitch motions during longitudinal acceleration/deceleration [10] , [11] , [12] , which depends on the ratio of front to rear longitudinal tyre forces. Specific anti-(i.e. anti-dive and anti-lift) features are defined as target in the suspension design process to passively control pitch and heave of a vehicle. Here we propose to use actively varying braking force distribution in order to minimise pitch during braking, avoiding additional actuators for an active suspension system. The connection between a stationary pitch angle and driver feel follows the same line of reducing roll angle during cornering, without cancelling it completely. Systems to control roll angle are employed for improvement of vehicle handling as well as driver comfort, and result in a roll angle reduction [13] . In [14] an alternative distribution to the 'ideal' one was proposed, where the rear brake force is exploited at a higher level, yet lying in a stable area (varying with deceleration level) for the vehicle handling. By means of experimental results the effect of vehicle pitch reduction during braking was also pointed out and presented as an interesting side effect to an improved vehicle dynamics together with enhancing stability while braking into a curve. Moreover it was stated that the effect of the distribution on the vehicle pitch "...would impress a driver with vehicle grabbing or holding the road surface during braking.". This, together with the experimental tests performed in [15] confirms that, although driver comfort is mostly associated with body accelerations, a combination of pitch and heave motions from the chassis could lead to more or less reassuring braking for an every-day driver, and thus enhance his subjective feel. In order to develop the control strategy we first introduce a vehicle model with longitudinal, vertical and pitch dynamics that incorporates the front and rear suspension pitch centre locations and anti-lift/dive geometry, which allows the model to capture the effect of longitudinal force distribution between front and rear axles on the chassis dynamics. The model finds its origin in [12] . It has been modified and simplified in the suspension dynamics and geometry definition, but also properly augmented with a longitudinal jerk equation, for control design. In [15] the authors presented a feed-forward strategy to address the minimum pitch brake distribution problem. A map of vehicle deceleration to optimal force distribution was obtained by means of a set of static optimisation for a vehicle in quasi-static motion conditions. Both simulation and experimental results comparing the implementation of minimum pitch strategy with the 'ideal' EBD brake torque distribution were provided. This easily implementable solution has the advantage to be computationally inexpensive and also easily certifiable because no optimisation processes are solved on line. It can be applied on a real vehicle with reduced requirement of measurement from the vehicle and included in production vehicles' control architectures. On the other hand it has the disadvantage of guaranteeing the optimality only under certain conditions (e.g. quasi-static conditions) and the underachievement of the driver demand (in terms of deceleration) is not monitored or corrected in any way. To solve the same problem of minimising pitch while braking, as well as reducing the pitch rebound caused by a full-stop braking, in this research we address the design of two feedback controllers. They are based on a model predictive control (MPC) approach that allows to impose constraints both on states and inputs. The unconstrained case for the same case study, was presented by the authors again in [15] . Two LQR (Linear Quadratic Regulator) controllers were shown to properly control the vehicle in simulations employing a simple vehicle model as the plant, but revealed their limits for a real implementation due their unconstrained nature. The problem of a hard full-stop braking and the consequent pitch rebound, that is overall subjectively considered an uncomfortable effect for an everyday driver, has been previously addressed for a fully electric vehicle in [16] by means of a PI closed-loop controller for pitch angle (with a zero pitch target) that generates an acceleration target as input, delivered employing a slip-control. Braking action is considered as an overall action on the vehicle and thus pitch control is achieved by reducing the acceleration of the vehicle. In the current paper, as for [15] , the rebound problem is solved through a full-state feedback controller for two independent front/rear input forces as an extension of the other controller already designed for minimum pitch during braking. In order to provide the necessary signals for the full-state feedback controllers an extended Kalman filter (EKF) is developed and tested in combination with the MPC approach in a high fidelity environment. Examples of EKF based MPC are provided in [17] and [18] . In this last study in particular output from the model predictive controller were directly applied as inputs to the extended Kalman filter. The same approach is adopted in our research where observer and model predictive controller become a single control entity strongly interconnected. An example of pitch angle estimation algorithm can be found in [19] where kinematic based observer were adopted to estimate pitch as well as roll vehicle angles. Our research work proposes instead a model-based observer able to estimate a wide range of vehicle states such as pitch, heave and heave rate from a reduced number of measurement, without the employment of expensive sensors. Literature on pitch angle estimation appears to be very limited whereas for the heave motion case the authors are not aware of any study.
VEHICLE MODELING
The model employed in this study is a single-track pitch-plane model, with each of the front and rear wheels accounting for equal contributions of left and right wheels of the respective axle of the actual vehicle. Lateral dynamics, roll and yaw motion and wheel rotation dynamics are herein neglected. Chassis dynamics are described in terms of pitch angle and heave translation (i.e. vertical motion), namely θ and z. In addition, longitudinal motion in terms of speed and position on the road is considered. The longitudinal dynamics of the vehicle is described by the standard equation:
where F zi with i = R, F are rear and front vertical loads on the tyres, and µ i with i = R, F are the tyre brake force coefficients, M is the total mass of the vehicle, and x is the travelled distance. The free body diagram of the chassis (sprung mass) represented in Fig.1 is now analysed. The model includes suspension dynamics and geometry. Torsional springs and dampers are employed and represented by suspension torques M i with i = R, F . Reaction forces (vertical and longitudinal), namely F z0i and F x0i are applied at the suspension pivots. The front and rear suspension pivot points (pitch centres) are assumed to be fixed irrespective of chassis pitch and heave motions. Rear and front chassis vertical displacements and rates, namely
Mc g Figure 2 . Suspension rotation and torque calculation. X-Z plane. Sign convention is explained by means of an example case of pitch and heave. The choice is that a positive pitch angle generates negative suspension rotations and negative suspension reaction moments and rotations are defined so that they are positive clock-wise.
are computed with respect to pitch and heave dynamics:
where θ andθ are chassis pitch angle and rate, z andż are the chassis heave displacement and rate, a and b provide the longitudinal distance of the centre of mass G from front and rear tyre contact point respectively. The front and rear suspension rotation angles and rates θ i andθ i with i = R, F shown in Fig.2 can be derived from (2-5):
Suspension torques M i can be computed as the sum of a static term and torque due to suspension deflection (i.e. rotation) and rate of deflection:
L 0i with i = R, F are the longitudinal distances between contact points and suspension pivots, k i and c i with i = R, F are suspension torsional stiffness and damping coefficients respectively, M c is the sprung mass of the vehicle. From equilibrium of moments around the centre of mass in Fig.1 we obtain the equation for pitch accelerationθ:
The vertical acceleration of the chassisz is given bÿ
Next, we consider separately the free body diagrams of rear and front wheel-suspension systems in Fig.3 . From the longitudinal equilibrium of forces in Fig.3 it turns out that the longitudinal reaction forces F x0i can be computed as:
Similarly for F z0i and the equilibrium of vertical forces.
where m is both rear and front unsprung masses. At this point from the equilibrium of moments around suspension pivots and the definition of suspension torques in (10)-(11) vertical loads F zi can be calculated as follows:
The effect of unsprung masses m on vertical loads F zi is taken into account, added as a simple static term on both axles, neglecting the small impact that unsprung masses load transfer would have on the normal loads. Since this model includes effects of braking distribution between front and rear axles, the anti-features quantities can be computed.
In particular, anti-dive accounts for compression of the front suspension during braking and thus squat of the chassis in the front. Similarly anti-lift considers extension of the rear suspension that corresponds on lift of the rear part of the chassis. These two effects 0.7057 strongly influence pitch and heave characteristics of the vehicle according to the distribution of the brake force. Anti-dive and anti-lift percentages [11] can be computed respectively as:
where:
Suspension parameters for the proposed geometry included in the presented model have been identified by means of the Matlab 's Identification Toolbox employing data from a high fidelity model simulation (i.e. IPG CarMaker) and are reported in Tab.1.
FEEDBACK CONTROLLER DESIGN AND FORMULATION
In the case of a brake distribution strategy, an objective that is difficult to totally fulfil is the demanded deceleration level for a specific driver effort on the brake pedal. For this aim an acceleration feedback is required. At the same time other targets need to be set to achieve the minimum-pitch distribution, in terms of vehicle pitch and heave motion mainly, being these two chassis motions strongly coupled, when selecting different longitudinal forces distribution. The choice is thus to employ a full-state feedback controller in order to monitor the different aspects (state variables) of the vehicle dynamics and to set specific targets also inferred from the quasi-static analysis presented in [15] . Moreover the feedback approach is the only one that allows to manage model uncertainties such as vehicle weight or, like in this case, suspension geometry, that directly influence the vertical loads calculation, unlike a feed-forward one that requires to be adjusted when some of the conditions for which the control action has been derived, change. Two problems are considered herein: the minimum-pitch distribution during braking and the reduction of the pitch rebound that occurs in a full-stop brake. This rebound event is due to a longitudinal acceleration step response from a predefined value to zero (where no braking forces are applied). When this happens, the vehicle pitch angle is recovered in a very short time and thus the vehicle inertia is enough to generate a rebound and thus a negative pitch when the vehicle comes to a full-stop. The two problems are considered as two different challenges and therefore are dealt with employing two different controllers (in terms of states' targets). The fullstop controller is designed to be completely independent from the braking distribution in use. Besides, employing the same feedback technique, the computation of the optimal brake force distribution for minimum pitch in steady braking is also addressed. This is presented as an alternative solution to a feed-forward one.
The system considered for the feedback control design is an extension of the one presented in Section 2. The normalized longitudinal forces are not directly controlled this time, but this is done through their time-derivatives (22) . This modification was a necessary step since a longitudinal jerk equation (21) has been introduced.
Considering the longitudinal acceleration a x as a state variable allows us to define an acceleration target for the controller to pursue. In this way the closed-loop controller includes acceleration in the feedback loop. The state vector for the new formulation becomes
In the following sections the design of the two different feedback controllers is presented. They are developed separately and are independent in the implementation. For each model state a specific target is defined and a weight coefficient is introduced in order to tune the controller performance. High weight means that more effort in terms of control action is allocate to achieve the correspondent target. The linear quadratic regulator (LQR) approach has been already presented and discussed in [15] . In the current study an MPC approach is adopted, it guarantees the feasibility of the computed control action since physical actuators limits can be accounted for in the formulation, unlike the LQR solution, and state constraints can be also put in place to avoid solutions that go beyond the physical possibilities of the considered vehicle (like normalised longitudinal forces that become states in the current formulation).
Minimum pitch force distribution in steady braking
The aim of the MPC mp (i.e. MPC for minimum pitch) controller is to modulate the braking forces during a deceleration event, whose level is imposed by the driver braking action, in order to minimise the vehicle pitch angle. In the specific case study presented in this research the target for acceleration is set to a xT = −0.5g and a high weight is imposed, pitch target is θ T = 0rad, again imposing a high weight. Heave target is defined from the analysis of previous results from EBD and quasi-static (QS) Map [15] : z T = −0.05m. The reason for this is that pitch and heave are strongly coupled in the model so that an unrealistic target for z does not allow the controller to achieve the minimum pitch possible. A smaller (in relative terms) weight is used in this case, to leave more emphasis on the vehicle pitch. A small weight is adopted for pitch rate and heave rate. For normalized longitudinal forces (that this time are systems states) the target is chosen as the quasi-steady state value found employing EBD (i.e. µ RT = µ FT = −0.5), but an almost null weight is applied to leave the MPC mp controller to choose their values freely.
Pitch rebound overshoot in a full-stop
In the final part of the braking event the MPC fs (i.e. MPC for full-stop) controller is applied, simply switching from one to the other as soon as the longitudinal vehicle velocity drops below a predefined threshold V th = 1m/s. This MPC addresses the problem of the problem of a hard full-stop and the pitch rebound of the chassis when the vehicle comes to a full-stop. This aspect of the braking dynamics was already pointed out in [15] where experimental results highlight what already emerged from simulations. When the vehicle comes to a full-stop the pitch angle, that has been reached during the previous braking, is quickly recovered resulting in an rebound before returning to zero. In this case the hard full-stop leading to the rebound is objectively considered as uncomfortable and experienced drivers try to avoid it modulating the braking effort on the brake pedal in the very end of the braking manoeuvre. Employing the same model as for MPC mp , some weights (i.e. Q and R matrices) and state targets x T are varied to pursue a new aim: obtaining the smoothest braking to a fullstop in terms of vehicle pitch angle. In particular, with respect to MPC mp , the weight on longitudinal acceleration is drastically reduced to almost zero, whereas weights on normalized forces are increased to a medium weight level. µ RT , µ FT are also set to a very small value in order to maintain a minimum braking action and thus guarantee a vehicle full stop. This adjustment is also performed to reduce the acceleration step as much as possible, reducing the braking action before the full-stop. Small weights have been tested as well, with unnoticeable difference in the results. At the same time, heave motion target is changed to zero to match the condition of a stationary vehicle. Details on MPC theory are now provided. The continuous-time non-linear system:
where x, u, y are state, input and output respectively, is linearised around an equilibrium point (x ss , u ss , y ss ). For this specific application the conditions are derived from the quasi-steady-state formulation derived in [15] using as input the deceleration level demand. The system is always linearised around a condition based on the acceleration target. This leads to the linearised continuous system:
where A, B, C and D represent the continuous jacobian matrices to perform the linearisation. The obtained continuous system is then transformed into a discrete-time one employing an exact discretisation technique [20] to calculate the discrete jacobian ma-
wherex = x − x ss ,ũ = u − u ss ,ỹ = y − y ss . In the current study the matrix D is assumed to be zero to avoid feed through term and C is selected to be the identity matrix I n (full-state feedback). The MPC problem is:
subject to
where x err = x C − x ss − (x T − x ss ) = x C − x T represents the error between the current states and the imposed target value. N is the prediction horizon. Equation (27) is used to set this initial state to the current one, (29) and (30) are inequality constraints that basically enforce states and control inputs to lay within predefined boundaries.
In particular for this MPC application (29) and (30) become:
where µ i andμ i represents both front and rear normalized longitudinal forces and rate of variation of forces respectively. The quadratic program (QP) problem in the MPC formulation is solved by an active-set method via the Matlab solver quadprog. Being able to impose constraints on the state variables offers an important advantage. Since the MPC fs (i.e. full-stop controller) has to lead the vehicle to a full-stop as a main target, this condition can be guaranteed by setting appropriate upper limit (small negative values) for the braking forces so that a minimum deceleration action is always present on the vehicle. Furthermore for the MPC mp the control of the longitudinal normalized forces is constrained to stay within physical limits for the vehicle tyres.
STATE ESTIMATION FOR CONTROLLERS FEEDBACK
The MPC presented in section 3 is a full-state feedback controller. This means that, at every time step, signals for all the states need to be provided. Although vehicle pitch angle can be measured using dual-GPS antenna as shown in [15] , other signals such as heave and forces are difficult or expensive to measure. Furthermore, a measured signal is most of the time noisy and it requires to be properly filtered before employing it for feedback control. Another possibility is to estimate the states that are used by the closedloop controller. Kinematic-based observers can be used for this purpose and an example is presented in [19] where they are adopted to estimate vehicle pitch as well as roll angles. As far as the authors are aware, there is no literature for the estimation of the heave motion and its rate of variation. For these reasons the choice in this study is to employ the same mathematical model used for the MPC controllers. A single model-based observer has been selected for this application rather then relying on a combination of different observers for the different states.
In particular, a Kalman filter [21] is adopted as it provides an optimal estimate, minimising the mean value of the sum of the errors with respect to the measurements. The non-linear vehicle model employed for MPC is considered again. For this reason the extended Kalman filter, rather than the linear version needs to be used. The system is linearised and discretised with an appropriate sampling time. The linearisation point this time is represented by the estimated states at the previous step.
Filter design
The model considered for the MPC formulation is further extended including the longitudinal vehicle velocity in the state vector. This in fact becomes [23] where a cascade of observers system is employed for longitudinal and lateral velocity estimation. In the current study, longitudinal velocity is assumed to be obtained either from an estimation process or measured from a GPS unit directly, that provides an acceptable accuracy for the proposed implementation. The challenge of using the same model for the feedback controller and the EKF (with the only addition of u) is represented by the choice of the internal model inputs. The MPC controller calculates the rate of variation of longitudinal normalized forces on both vehicle axles and these outputs correspond exactly to the Kalman filter model inputs. It is thus clear how the EKF and the MPC need to be considered as a single integrated control entity. An additional assumption is also adopted in the estimation process: since a braking event on standard high friction asphalt condition is considered, it is reasonable to assume that the normalized longitudinal forces µ R , µ F both at the front and rear axle results bounded in the open interval (0, 1). States constraints in the estimation has been applied with different level of complexity in the literature: an example where the sigma points are projected in the feasible region for an Unscented Kalman Filter can be found in [24] , or in the case of the Extended Kalman Filter this projection is known as clipping [25] . A similar technique is adopted in our study by means of a saturation on the predicted states corresponded to µ R , µ F of the Kalman Filter internal model. In this sense the saturation is not applied on the estimated states, but they can still be corrected by the kalman filter, although we lose estimation optimality properties because of the saturation. A more elegant solution would be the Moving Horizon Estimation (i.e. MHE) where con- straints are included in the estimation process, but this option has been discarded for its limitations in terms of computational effort [25] . A survey of solutions to the constrained estimation can be found in [26] .
MPC IN HIGH FIDELITY MODEL SIMULATIONS AND EKF ESTIMATION
In this section we present simulation results of the MPC-EKF controller developed above, using the high fidelity vehicle software CarMaker from IPG . Tyre models, tyre and suspension compliance derived from measurement of the real vehicle as well as aerodynamics features are all included to explore the issues that the implementation of the proposed MPC strategy would lead to. The controller is compared against the EBD and Quasi-static optimal map from [15] , which we note are feed-forward algorithms mapping acceleration demand to brake force distribution. One of the challenges in applying such a control system to a realistic vehicle model is how to manage the controller outputs, thus the inputs of the system. As explained in section 3 the MPC outputs rate of variation of normalized longitudinal forces for front and rear axles. In order to apply these control actions to the plant a few steps are necessary: the MPC outputs are first integrated in order to obtain normalized longitudinal forces and are then multiplied by their respective front and rear vertical forces calculated employing a quasi-static condition of constant deceleration for every case of the measured longitudinal acceleration (available from the installed sensors). In this way the feedback controller needs to cope with an external injection of noise and thus its robustness needs to be addressed with a proper fine tuning. For this MPC formulation a set of hard constraints is defined both for input and longitudinal forces states (equations (30) and (29)) in order to avoid non realistic build-up times on one hand and to consider only feasible braking actions on the other hand. For this implementation a time step of 50ms and an horizon of 150ms are selected. As discussed previously, the MPC controllers that have been developed require full state feedback. For this reason the estimation approach presented in section 4 is adopted. For the implementation of the EKF a time step of 5ms has been finally employed. The selected scenario for this test include a single braking event from the initial velocity of 100kph with a deceleration level demand from the driver of −0.5g. Figure 5b shows how the demand builds up in 0.5s from zero to the predefined value (i.e. corresponding to a specific brake pedal stroke) and is held until the end of the simulation also beyond the point where the vehicle comes to a full stop. The driver is not modulating in any way the braking effort on the pedal. Figure 4a shows as the pitch angle is reduced with respect to EBD. A comparison with results employing the quasi-static map shows how the strategy in terms of force distribution is the same (Fig.5a) , and thus leads to the same values in terms of pitch and heave vehicle motions (Fig.4a-b) . It has to be noticed how the introduction of constraints on the inputs results in a slightly delayed achievement of the pitch angle for the deceleration level target (Fig.4a) . In the last part of the manoeuvre the controller is switched from MPC mp to MPC fs . This last controls longitudinal forces at a high rate of variation reducing both front and rear braking action and thus the vehicle acceleration. Since the full-stop strategy is applied on the minimum pitch distribution, in this particular case it results in a strategy where the front normalized force is cancelled before the rear one that leads the vehicle to smooth a full-stop without any pitch rebound. The MAP strategy is once more affected by this phenomenon, as per the EBD case. Some discrepancies (between MPC-EKF and MAP) are present for the rear normalised braking force, whereas the front one is exactly the same. This translate in a negligible difference in terms of deceleration (Fig.5b) , with almost no effects on the pitch and heave values. Small errors in the longitudinal normalised forces estimation (and correspondingly in the pitch angle and heave) are recorded and shown in Fig.4-5 . As already mentioned the EBD as well as MAP strategies are feed-forward approaches, where the aerodynamic force is not accounted for, this act as an external decelerating force that makes the vehicle to stop slightly before the MPC-EKF controlled one. The difference in deceleration level is negligible for any pitch angle effect.
Braking distance analysis
Regarding the braking distance, it has to be notice that there could be two main causes to obtain different values: the first aspect is the reactivity of the control strategy. It has already been discussed how the MPC-EKF controller reacts slightly slower than the EBD one, but since the proposed strategy is to be applied for low/medium deceleration level, and not for emergency braking, this delay can be compensated by the driver than will adapt his driving style and braking to the specific controller, like he would do with a new car. The second important aspect, that has to be considered is the intervention of the second feedback controller for the full-stop strategy. As already mention in order to reduce the pitch rebound, the deceleration has to be decreased in the final part of the braking manoeuvre, and this will necessary lead to an increase of the braking distance, but since this regulation happens below the threshold of 1kph, the effect on the braking distance turns out to be negligible, as clearly shown in Fig.6 . In this case the same scenario of braking with a commanded deceleration level of 0.5g from an initial speed of 100kph is considered. To isolate the effect of the full-stop strategy, the brakes' dynamics for the EBD case is customised in order to obtain the same build-up time than for the MPC case. The difference in the braking distance results being far less than a wheel radius, thus the full-stop strategy can be applied without any concern with this regard.
Driver comfort in the full-stop braking
Regarding the full-stop event, the reason of the discomfort finds for sure one of its causes in the chassis pitch rebound itself, but it arises also from the combination of the different accelerations that the driver is exposed to. Accelerations at the driver's head are of particular concern when driving comfort is involved. An analysis of longitudinal and vertical accelerations, that are projected from the vehicle centre of gravity (where they are measured) to a point that coincides with the position of the head of a driver of average height, is carried out. Figure 7a -b presents the results for the same braking scenario already employed in the braking distance analysis. In Fig.7a the last part of the braking manoeuvre, when the vehicle comes to a full-stop, is reported in terms of longitudinal acceleration at the head point: for the EBD case, the driver first fully recovers the deceleration, then undertakes a peak of positive acceleration of 0.5m/s2 while the pitch angle starts to be recovered, the MPC control action is able to fully damp any positive peak of acceleration in the forward direction, the negative one shown in the figure is only due the vibration in the control action, already mentioned throughout the paper. However, more interesting effects are recorded if the acceleration in the vertical direction is considered (Fig.7b) . The EBD case, exhibits a peak of acceleration of around 0.75m/s2 for the vehicle stop followed by a −0.15m/s2, that corresponds to the pitch recovery and a small 0.05m/s2 for the rebound. The MPC controlled vehicle instead, after some vibrations just after t=6s, exhibits a first proper peak of about 0.30m/s2 (thus 60% lower than for EBD) followed by a negative peak of around −0.2m/s2 again due to the control action vibration at the very end of the manoeuvre. The peak for the pitch rebound is, in this case, completely cancelled. From this simple analysis it is clear that the improvement for the driver feel provided by the full-stop strategy is of paramount importance and it comprehends more than what is visible from the vehicle pitch measurement. The pitch rebound is a consequence of the hard (i.e. non smooth) full-stop that leads to peaks of acceleration at the driver's head, and it has been demonstrated that, concentrating on cancelling this phenomenon is possible to increase the driver comfort.
Driver-in-the-loop scenario
The MPC-EKF integrated controller is now tested, together with the feed-forward MAP strategy, on a realistic braking event from the speed of 30m/s employing a driver-in-theloop approach generating the acceleration demand input by means of a driving simulator controller. This strategy allows to test controller and estimation reaction at different inputs amplitudes and frequencies. In order to obtain the best performance of the controller, for different conditions of deceleration demand from the driver, two major adjustment are applied to the state target weight matrix Q: the weight on pitch target is increased while moving to lower deceleration demand (linear function), in this way the pitch angle will be minimised whilst achieving the demanded acceleration. Furthermore, the weight on the acceleration target is maintained on a low value until the error between acceleration state and target becomes lower than a specific threshold a xth =0.25g, then it is increased to force the vehicle to remain in the desired deceleration condition. Results for the driver-in-the-loop scenario are reported in Fig.8 . They include different deceleration demands in the range of operation of the minimum pitch strategy (medium to low deceleration levels). When implementing the MAP brake force distribution on this scenario, the limitations of the feed forward approach become evident. For medium deceleration level the demanded deceleration from the driver is achieved with good accuracy, whereas moving towards low deceleration levels the brake distribution in use is delivering higher longitudinal negative acceleration than the demanded. The reason of this is on one side the presence, in the first part of the braking scenario, of a fairly important aerodynamic force that becomes predominant over the friction brake action and that it is not accounted for in the quasi-static study. On the other side the dynamic model, used to generate the brake force map, includes simplifications in the motion of the centre of gravity and in the wheelbase variation during braking that affect both front and rear vertical forces and thus longitudinal forces generation as well. Although the deceleration results slightly different from the demand, the trend for the brake force distribution is absolutely clear and follows a strategy with a brake force biased to the rear, until the front brake force is necessary to achieve the demanded deceleration level. Observing the MPC results in Fig.8b it is clear how the feedback controller is able to track much more closely the demand from the driver, unless the frequency on the brake pedal exceeds the feasible limitations for the MPC controller (limits on the rate of variation of longitudinal forces). Figure 8a shows how the demand is achieved imposing a brake force distribution that follows the same trend generating by the MAP strategy, with a perfect match for the case where both MAP ad MPC are delivering the same vehicle acceleration. From the estimation point of view, the EKF provides a fairly accurate feedback signals to the MPC controller in terms of front and rear normalized longitudinal forces. Figure 9 reports other important information about the estimation process. In can be noticed how, for all the systems states, the match between the real ones represented by MPC and EKF estimated ones is accurate enough, with minor discrepancies in the pitch and heave states. In particular, it is important to underline how even if the pitch angle (Fig.9a) in the very last part of the manoeuvre is slightly underestimated, the MPC fs is still able to calculate the control action to lead the vehicle to a smooth full stop. The estimation of the vehicle pitch angle, heave motion and heave rate presented in Fig.9b -c represents a novelty in the literature, with regards to model based estimation and could be employed for other applications in the future, to control the chassis motion of a vehicle through feedback approach. The last point is that, while assessing the effectiveness of the estimation, we must remember that the inputs for the Kalman filter internal model are taken directly from the output of the MPC controller and not from the vehicle itself, so that the estimation part could potentially destabilize the control one and vice versa. This is not happening for our controller, even in a realistic varying scenario as the one presented.
BRAKE FORCE DISTRIBUTION AND LATERAL VEHICLE DYNAMICS INTERACTION
Shifting the braking effort towards the rear axle does not have an effect only on the pitch-heave motion, but also the handling characteristics of the vehicle are affected. The reason is the well-known coupling effect between longitudinal and lateral tyre-ground interaction forces on each corner of the vehicle. In other words, increasing the tyre utilisation in the longitudinal direction will generate a decrement of the lateral capability in a nonlinear way. As already mentioned, the current strategy is considered to be designed for a vehicle equipped with widespread safety systems such as ABS and ESP, in order to reduce the chance of instability while braking into a turn and preserve the braking capability. In particular, although even for medium/ high deceleration levels no rear wheel locking has occurred in the straight line scenario, when the vehicle has to be decelerated in a corner, the chance of the inner wheels, in particular the rear one, to lock is much higher. A low level controller able to maintain the longitudinal wheel slip below a certain threshold is in this case necessary, on one side for the aforementioned instability risks, and on the other hand to obtain the best performance of the MPC-EKF controller, that could lead to non optimal results. This last aspect is mainly due to the fact that the observer (EKF) internal model does not include the lateral dynamics and lateral load transfer, so that when the braking action lead one of the wheel to decelerate much more than the others, estimations errors may occur and the results, even tough still capable of delivering the demanded deceleration level, will not be pitch-optimal any more. In order to assess the worst case scenario, when systems such as ABS and ESP are not present on the vehicle, a set of high fidelity model simulations are performed in mixed longitudinal-lateral dynamics manoeuvres. In Fig.10 the case of a braking into a turn manoeuvre is presented. The scenario is a left turn from an initial velocity of 77kph and a fixed steering wheel angle input of 30deg, that lead to an initial lateral acceleration of 4m/s2. After one second the deceleration level demand is varied from zero to 3m/s2. The cases of EBD and minimum pitch brake distribution (MPC-EKF) are compared. As soon as the braking command is elaborated, the MPC-EKF controller delivers a braking pressure distribution that is in line with the expectations (Fig.10b-c) , with a very low pressure at the front and high pressure at the rear wheels. Since the controller is only based on longitudinal dynamics, the distribution for left and right sides of the vehicle is exactly the same. At this point due to the longitudinal and lateral load transfer combination the rear inner (left) tyre results to be much more utilised than the other three, as it is reported in Fig.10f , where the rear left tyre slip ratio stays on high values, meaning that the wheel is much harder decelerated, between t=1.5s and t=4s. An average utilisation both for the front and the rear tyre is shown in Fig.10g together with the estimated quantities (computed with the EKF that does not account for lateral load transfer). It may appear that the estimation error could cause serious problem to the control strategy, but in reality the unaccounted lateral load transfer does not affect the controlled pressures. The estimated normalised forces quantities are correctly computed for the longitudinal dynamics that is imposed on the vehicle, but due the lateral load transfer results different than the real one, this means that the pressure command that are delivered are the same as if the braking manoeuvre was performed on a straight road.
Observing the real non-normalised longitudinal forces on the two sides of the front and rear axle (Fig.10d-e) it is possible to isolate the effect of the lateral load transfer on the force distribution. Between t=1s and t=1.5s, while the braking action builds up, the effective force distribution is the expected one, with most of the braking effort carried out by the rear tyres, then between t=1.5s and t=2s the rear lateral forces are reduced due to the longitudinal engagement and this results in an oversteering behaviour of the vehicle and thus an increase of the level of lateral acceleration that reaches a peak of about 5.5m/s2. This further increases the lateral load transfer and make the rear inner wheel to decelerate more. In this process the combination of vertical loads and tyre longitudinal coefficients µ i generate a non-normalised force distribution that replicate exactly the one realised with the EBD distribution (between t=2s and t=3s), in this way the oversteer behaviour is mitigate, but this is done at the expanses of optimality in the pitch minimisation distribution, that in this situation becomes anyway of secondary importance. Thank to the velocity drop, the lateral acceleration is reduces below a level that permits all the four wheels to spin at a similar rotational speed again (around 3m/s2 at t=4s), without tyre saturation (Fig.10g) , and the effective force distribution returns on the expected values, thus biased to the rear axle ( Fig.10d-e) . The combination of forces on the four wheels, together with the fixed steer command determine the trajectory of the vehicle. Figure 10h shows how up to t=3s the trajectory of the centre of gravity between the vehicle employing EBD and the one adopting the minimum pitch distribution is the same. When the braking action is then transfer to the rear, the vehicle equipped with the feedback controller shows the oversteer behaviour and tights its trajectory with respect to the EBD equipped one. It has to be noticed that, by the time the vehicles' trajectories start to diverge, the velocity has dropped to a value of 57kph, that still correspond to a lateral acceleration of about 4m/s2, and thus the stability of the vehicle is proved to be maintained even for fairly aggressive manoeuvre. It has to be remarked that this behaviour could not probably be acceptable for a production vehicle and thus the aforementioned ABS and ESP systems will have to be in place, but this will be also the case for the EBD strategy, that as the minimum pitch one, is only based on calculation of the longitudinal load transfer, and will eventually lead to wheels lock simultaneously at the front and rear axle on the same inner side, for more aggressive manoeuvres or low adhesion surfaces. This will lead even in the case of the 'ideal' distribution to an hazardous situation that has to be mitigated, like clearly shown in [7] . In the same paper is reported how moving to low adhesion conditions the only ESP intervention (based on vehicle sideslip angle) may not be enough, so two solution are proposed to address this problem. The first one is to vary the brake distribution when one of the rear wheel exceed a certain threshold of longitudinal slip: this approach was thought for regenerative braking at the rear axle, deactivating the extra braking action when required. The second one implies the use of a centre locking between the front and rear axle, to redistribute the braking effort (with a torque split similar to the 'ideal' one) amongst front and rear wheels. This solution anyway may affect the performance of ESP and ABS systems and leads to other technical issues reported in the paper. Another way to mitigate the oversteering behaviour due to the decrease of rear lateral forces has been proposed in [14] , where the brake force distribution biased to the rear is applied only on the outer wheels in order to counterbalance the destabilising yaw moment due to the inner wheel poor lateral capability. This solution could be applied to the system proposed in this paper to reduce the risk of wheel locks and thus further reduce the intervention of ABS and ESP safety systems.
CONCLUSIONS
In this paper, we addressed the problem of controlling the pitch angle of a vehicle during braking, actively varying the brake force distribution. In the current study the problem has been solved employing an MPC strategy with good results that have been compared with a previous research solution based on a quasi-static map. Employing full-state feedback controllers allowed us to add an acceleration control to the pitch and heave control action. The problem of a hard full-stop and the pitch rebound has been also addressed by means of the same feedback controller, varying weight matrices below a predefined vehicle speed threshold. The proposed solution has proved to be capable of providing a smooth stop of the vehicle to improve driver comfort (in terms of pitch rebound cancellation and accelerations at the driver's head point), without affecting the braking distance.
Adopting the same internal model as for the feedback controllers, an extended Kalman filter state observer has been developed and integrated together with the MPC controller to provide the necessary state feedback, including pitch angle, heave motion and rate that are almost absolute novelties for estimation in the literature. Simulation in a high fidelity environment revealed the effectiveness and robustness of the state observer as well as the effectiveness of the MPC controllers in both real driving scenarios and the single case study, in terms of target acceleration tracking and pitch reduction both during the braking event and the full-stop case. Although the presented system has been considered for implementation in combination with widespread safety system such as ABS and ESP, a worst case scenario of a braking into a turn manoeuvre employing a vehicle devoid of such safety features, was considered and analysed in details. Results shows how, although the optimality of the strategy is affected by an unaccounted lateral load transfer, the control action is still acceptable and guarantees a certain level of vehicle stability for mid aggressive manoeuvres. The aforementioned systems has to be in place when considering production vehicles driving on public roads.
